ON THE MEISSNER STATE FOR TYPE-II INHOMOGENEOUS
SUPERCONDUCTORS

MATIAS DIAZ-VERA AND CARLOS ROMAN

ABSTRACT. We consider extreme type-1I superconductors modeled by the Ginzburg-Landau
energy with a pinning term a.(z), which we assume to be a bounded measurable function
such that b < a.(x) < 1 for some constant b > 0. A crucial feature of this type of super-
conductors is the occurrence of vortices, which appear above the so-called first critical field
H., . In this paper we estimate this value and characterize the behavior of the Meissner
solution, the unique vortexless configuration that globally minimizes the energy below H.,.
In addition, we show that beyond this value, for applied fields whose strength is slightly
below the so-called superheating field Hj,, there exists a unique Meissner-type solution that
locally minimizes the energy.

1. INTRODUCTION

1.1. The problem and brief state of the art. Superconductors are materials that can
exhibit a complete loss of electrical resistance when cooled below a critical temperature (typ-
ically very low). Superconductivity was discovered by Kamerlingh Onnes in 1911. The two
most striking features of it are the possibility of permanent superconducting currents and the
expulsion of applied magnetic fields, which in turn leads to superconducting levitation. In
type-1II superconductors, the normal and superconductivity phases may coexist in the mate-
rial. Indeed, a key physical feature of type-II superconductivity is the occurrence of vortices
(similar to those in fluid mechanics but quantized), in the presence of an applied magnetic
field. In these regions, the external field penetrates the material, and the superconductivity
is lost.

These vortices may move because of internal interactions and external forces. Their mo-
tion generates an electric field that dissipates energy and, in turn, generates an electrical
resistance, thus losing superconductivity in the material. One way to control the motion of
the vortices is to introduce inhomogeneities into the material, which provide pinning sites
for the vortices. We refer to [CR95,CDG96,CR97,DD02] and the references therein for more
details of the physics of pinned superconductors.

The behavior of pinned superconductors is modeled by the famous Ginzburg-Landau
model of superconductivity (with pinning), which is defined by

— 1nl2)2
(1.1) GL.(u, A) := 1/ |VAu|2 + (as(x) — |ul?) +|h— hex|2'
2 Q 2e2
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Here

e ) C R? is a smooth, bounded, and simply connected domain.

e u : () — Cisthe order parameter. Its squared modulus (the density of Cooper pairs of
superconducting electrons in the Bardeen—Cooper—Schrieffer (BCS) quantum theory
[BCS57]) indicates the local state (normal or superconducting) of the material.

o A : Q) — R?is the electromagnetic vector potential of the induced magnetic field
h =curl A:=0,, Ay — 0., 4;.

e V4 denotes the covariant gradient V — ¢ A.

e h, > 0 is a constant that represents the intensity of the external magnetic field in
the direction perpendicular to €2.

e ¢ > 0 is the inverse of the Ginzburg—Landau parameter usually denoted x, a nondi-
mensional parameter depending only on the material. We will be interested in the
regime of small €, corresponding to extreme type-II superconductors.

e a. is a function that accounts for inhomogeneities in the material. We will assume that
a. € L*°(Q2) and that it takes values in [b, 1], where b € (0, 1) is a constant independent
of €. The regions where a. = 1 correspond to sites without inhomogeneities (we also
say that there is no pinning in these regions).

Both the mathematics and physics literature on the effect of pinning in the Ginzburg—
Landau model of superconductivity is quite extensive. Without aiming for a full bibliographic
review, we next mention a few of the pinning-type functions that have been considered in
the literature:

e Models where a. is smooth were studied in [ASSO1], where, in addition to our as-
sumption, a. homogenizes in the sense of H-convergence as ¢ — 0, in [ABP03], where
the pinning term has a finite number of zeroes, and in [AABO05], where the pinning
term is radial and is allowed to be negative.

e Models where a. is a step function taking only two values (say b and 1) were stud-
ied in [LM99, DSMM11,DSM11,DS13,DS15] in the pinned Ginzburg-Landau model
without external magnetic field, in [Kac10, AK09], where Q = B(0,1) and a_*(b) is
an annulus, and in [DS21], where the region a_'(b) is periodic and shrinks as e — 0.

e A model where a. is an oscillating periodic function under the effect of a random
ergodic stationary action was studied in [DSRS23].

It is worth pointing out that, in some of these models, we expect the minima of a. to be
pinning sites for the vortices. There is computational evidence in [DGP95, CDG95] and a
proof in [ST04] for he, = 0 and a sufficiently small and smooth pinning term.

The homogeneous case a. = 1 in €2 corresponds to the celebrated Ginzburg-Landau func-
tional proposed by Ginzburg and Landau [GL50]. This model has been extensively stud-
ied by analysts after the seminal work [BBH94| on the functional without magnetic field
(hex = A = 0). We refer to the classical book [SS07] for an extensive mathematical re-
view of the model with magnetic field and to [Tin96] for a more physics-oriented study of
superconductivity and vortex pinning.

An important feature of the Ginzburg-Landau model is that all the physically meaning-
ful quantities are gauge-invariant, which means that they are preserved under the gauge
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transformation
(u, A) — (ue'®, A+ V).
The energy GL. and the free energy with (or without) weight 7.: Q@ — R defined via

o (1= Ju)?

52 T | curl A|?
5

(12 P, ) = 5 [ 219 40
are gauge-invariant, as well as the induced magnetic field h, the density of Cooper-pairs of
electrons |u|, the superconducting current (iu, V 4u) and the vorticity measure, defined by

p(u, A) = curl(iu, V q4u) + h,

where (-,-) is the scalar product of C identified with R?, that is, (z,w) = 2=, We will
denote by F.(u, A) the free energy without weight (that is, when 7. = 1 in Q). One partlcular
gauge-choice, so called Coulomb gauge, is the one for which

—divA = 0 inQ
(1.3) { Av = 0 ondQ

It is well known that as the intensity of the external magnetic field he. is tuned, type-
IT superconductors undergo several phase transitions. There are three main critical values
H. ,H., and H., for he, called (main) critical fields, where phase transitions occur: When
hex < H.,, the material is everywhere in its superconducting phase, that is, |u| is uniformly
close to 1, and the applied field is expelled by the material due to the occurrence of su-
percurrents near 0f2. This phenomenon is known as Meissner effect. When he, > H,,,
the external magnetic field penetrates the material and vortices start to appear, and as hey
increases, so does the number of vortices. Near H.,, superconductivity is lost in the bulk of
the material and when H., < hey < H,,, superconductivity remains only near the boundary.
When he, > H.,, superconductivity is lost, as the external magnetic field has completely
penetrated the material.

1.2. Main results. A main purpose of this paper is to provide a precise approximation of
the Meissner state (or configuration), that is, the unique (modulo gauge-invariance) solution
of the Ginzburg—Landau equations without vortices, which, in turn, allows us for providing
an estimate for the main order of the first critical field, which is of order O(|loge|), and to
show that the Meissner solution is stable for values of the intensity of the applied field close
to the so-called superheating field, which is of order O(e7').
Before precisely stating our main results, let us introduce the configuration
1

(1.4) (pooc?) 1= (pes o= )

€
which corresponds to our approximation of the Meissner state. Here

e p. is the unique positive real-valued minimizer in H'(2, C) of the pinned Ginzburg-
Landau energy functional without magnetic field

(1.5) /|Vu|2 ‘“’ 2
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It satisfies the Euler-Lagrange equation
2
Ap = P g
€
0 on 0f),

(1.6)

ov

which combined with the maximum principle, yields Vb < pe < 1. In addition, by
taking a constant as an energy competitor, we find the a priori bound

C
(17) Ee(ﬂs) < 5_
e £ is the unique solution in Hj () to
. (V& - :
(1.8) —dlv(pg>+§a = 1 inQ
& = 0 on 0N

Since Vb < p. < 1, the maximum principle yields 0 < & < 1. Furthermore,
observe that the differential operator associated with &, is uniformly elliptic. The
classical result of Meyers [Mey63, Theorem 1.1] thus ensures that & € W (Q), for
some py > 2 that does not depend on e and, more importantly, that there exists
C' = C(Q,b) > 0 such that

IVE oo () < C-

Quite surprisingly, the special structure of the elliptic problem (1.8) implies that
the previous estimate holds with py = oo (see Proposition 2.8), which will play a
fundamental role throughout the article.

A crucial result concerning this special configuration is the following energy splitting.

Proposition 1.1. Given any configuration (u,A) € H'(Q,C) x H'(Q,R?), letting (u, A) be
defined through the relation (u, A) = (peu, A + hex AY), we have

(1.9) GL. (w,A) = GL. (o, hoeA) + Fip (1, A) — b / 3, AVe. + Ry,
Q
where
h? IVEP /1o
1.1 = = - —1).
(1.10) Ry = [ B (1)

Let us remark that Ry = Ry(¢) is a term that is negligible in the regime of he, that we are
interested in. The first term in the RHS of (1.9) captures, with high precision, the minimal
energy among configurations that do not have vortices. More precisely, we have that

2

Notice that E.(p.) corresponds to the cost “enforced” by the potential term in (1.1), which is
captured by the fact that p? & a., while the later term h2 _J.(AY) corresponds to the energy
cost produced by the presence of the external field.

Let us also observe that, since u? = p. > vb > 0 (see Proposition 2.1) u and u have

the same vortices and p(u, A) ~ p(u, A). For this reason, the second term in the RHS of

1
GL. (9o hxA2) = Eulp) + I (A2), where LAY = 5 [ GZJAC + curl 42— 11
Q
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(1.9) can be thought of as the energetic cost of the vortices, while the third term is the
magnetic gain due to the vortices. Hence, the occurrence of vortices strongly depends on the
sign of F. , (u, A) — hex [ 11(u, A)E.. We refer the reader to Section 3.1 for a more detailed
(heuristic) discussion.

It is worth mentioning that this splitting was strongly prompted by [BR95, LM99, SS07,
Kac10].

We are now ready to state our first result, which concerns an estimate of the main order
of the first critical field H.,. Recall that the first critical field is (rigorously) defined by the
fact that below this value, global minimizers of (1.1) do not have vortices, while they do for
applied fields whose strength is greater than H,,. Letting

|log €|
1.11 H =—
(1.11) ‘T 2maxq .

where 1. = i—;, we have the following result.

Theorem 1.1. There exist g > 0 and Ko > 0 such that, for any e < g9 and any hey < HE —
Kylog|loge|, the global minimizers (u, A) of GL. in HY(Q,C) x HY(Q,R?) are vortexless
configurations such that, letting (u, A) = (p-'u, A — he, AY), as e — 0, we have

(1) 11— fulll .0y = of1).
(2) s Al ey = 0(1):
(3) |GLo(u, A) = GL.(p-, hex A%)] = 0(1).

This result characterizes the behavior of global minimizers below H¢ . The next result
provides a characterization above this value.

Theorem 1.2. Assume [p]coaq) < [loge|™ for somem > 0 and o € (0,1], where [ - |coa(q)
denotes the Holder seminorm. Then, there exist e > 0 and K° > 0 such that, for any
e < g9 and any hex such that HE, +K°log |loge| < hex < |loge|N for some N > 2, the global
minimizers (u, A) of GL. in H'(Q,C) x H'(Q,R?) do have vortices.

Thus, under the assumptions of the previous two theorems, we conclude that
H. = H; + O(log|logel).

This in particular generalizes the estimate on the first critical field found in [Kac10], where,
as explained above, () is a ball and the pinning term is radial. It is also worth remarking
that, without further assumptions on a., it is not possible to reduce the error term in the
estimate. In the homogeneous case a. = 1 in Q, it is well known (see [SS00,SS07]) that
H., =C(Q)|loge| + o(1) as ¢ — 0. However, in [DS21] Dos Santos showed that, under the
assumption on a. explained above, the expansion of the first critical field contains a term of
the form C(Q,b) log|loge].

Remark 1.1. Since p? € [b,1] and & € [0, 1], we have
0< mgxfe < méum,b€ <b! méxxfg <b ! < 4o0.

Moreover, it holds that liminf. o maxq & > 0 (see Proposition 2.9). Hence, just as in the
homogeneous case, H;, = O(|logel). We belicve that it would be interesting to investigate
whether maxq Y. converges, as € — 0, to some special constant depending on € and b if one
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considers a model where a. homogenizes as € — 0, that is, in the spirit of the one considered

in [ASS01].

Our next results go beyond the first critical field. They show that, as in the homogeneous
case a. = 1 in (), the Meissner state beyond H., continues to be a local minimizer of the
energy, even for applied fields with intensity close to O(e™!). We begin by presenting an
existence result.

12
£™%, there exists a vortezless local minimizer (u,A) for GL.. Moreover, letting (u, A) =
p=tu, A — he A%) as e — 0, we have

(o7

(1) oo, )l ey = 0(1):
(2)

(

Theorem 1.3. Let o € (O 1). There exists eg > 0 such that, for any ¢ < g and hey <

2) [GL(w, A) — GL(p, hoeA%)| = o(1).

3) N1 = Julll ooy = o(1).

Furthermore, if (u, A) is in the Coulomb gauge, it holds that
(4) The configuration (u, A) satisfies

(0= gy + 140y = o)

(5) The configuration (u,A) satisfies
A - heXAOHHl(Q) = o(1).

£

Moreover, if [|Vpe| 2y < €77 for some v <1—2a, we have for any r € [1,2)

961[327@ [u— peewwa(n) = o(1).

Let us emphasize that this result gives a precise characterization of the behavior of the local
minimizer. As a matter of fact, it essentially shows that our approximation of the Meissner
state is almost a solution of the Ginzburg—Landau equations. As far as we know, analogous
results have only been established for the homogeneous Ginzburg-Landau functional; see
[Ser99b] (in the 2D case) and [Rom19] (in the 3D case).

Our last result concerns the uniqueness, up to a gauge transformation, of locally minimiz-
ing vortexless configurations.

Theorem 1.4. Assume E.(p.) < %. Let « € (0,1) and > 0. There exists ¢g > 0
such that for any e < €q, if hex < €7 then a pair (u,A) = (pou, A + he AY) which locally
minimizes GL. in H'(Q,C) x H'(Q,R?) and satisfies F. ,. (u, A) < €°, is unique up to a
gauge transformation.

Remark 1.2. The hypotheses of this theorem are verified by the vortexless local minimizer
found in Theorem 1.53. More precisely, given o € (O, %), the vortexless local minimizer (u, A)
given by Theorem 1.3 is such that F., (u, A) < &, for some constant 3 > 0.

Hence, in summary, we see that for he, < H — K log|loge|, the unique global minimizer
of (1.1) (up to a gauge transformation) is a vortexless configuration that looks very similar
to (1.4). Beyond this value, at least up to hex = o(c72), (1.1) admits a unique vortexless

local minimizer with the same behavior. Therefore, exactly as observed in the homogeneous
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Ginzburg-Landau functional, since this branch of vortexless solutions remains stable, in the
process of continuously rising he, vortices should appear at a critical value of he, called
the superheating field Hygy, instead of when getting to the first critical field H., = O(|loge]).
When reaching Hyj,, the Meissner configuration becomes unstable, allowing for the occurrence
of vortices. In the homogeneous case H,, = O(e71); see, for instance, the classical works

[BBC94, Cha95].

Let us finally mention that two classical tools in the analysis of Ginzburg-Landau type
energies play a crucial role in this paper: the vortex ball construction and the vorticity
estimate. In this paper, we obtain a new version of the former that might be of independent
interest, which generalizes the vortex ball construction method provided in [SS11] to the
case of the weighted Ginzburg-Landau free energy (1.2); see Proposition A.3.

Outline of the paper. The rest of the paper is organized as follows. In Section 2, we
provide some preliminary results and a proof of the energy splitting (1.9). In Section 3, we
heuristically derive H¢ and prove Theorem 1.1 and Theorem 1.2. In Section 4, we prove
Theorem 1.3 and Theorem 1.4. Finally, in Appendix A, we provide the new version of the
vortex ball construction method for a weighted Ginzburg-Landau energy.

Acknowledgments. This work was partially funded by ANID FONDECYT 1231593.

2. PRELIMINARIES AND ENERGY SPLITTING

2.1. The (weighted) Ginzburg—Landau equations. The Euler-Lagrange equations as-
sociated to GL, are

ulae — [ul?)

—(Va)u = ————> inQ
£
(2.1) ~Vih = (iu,Vau) inQ
h = he on 0f)
Vau-v = 0 on 0f),

where (V4)? = (div —iA)(V4) and v is the unit normal vector pointing outward from €.
Observe that the maximum principle implies that any solution to (2.1) satisfies

(2.2) lu|? < Max e <1

This can be proved following exactly the same argument used in the case of the classical
homogeneous Ginzburg-Landau energy (see for instance [SS07, Proposition 3.8]).

The Ginzburg-Landau equations (2.1) are invariant under gauge transformations. There-
fore, any solution of (2.1) can be gauge-transformed into a solution (u, A) in the Coulomb
gauge (see for instance [SS07, Proposition 3.2]). One of the advantages of this particular
choice of gauge lies in some elliptic regularity estimates, as we shall see later on.

2.2. The function p.. The function p. was firstly introduced by Lassoued and Mironescu
in [LM99]. Basically, it corresponds to a regularized version of \/a.. A key tool developed
in [LM99] is the following decoupling of the energy E. (recall (1.5))

(1 — Jul?)?

1
(2.3) Eulpa) = Bulp) + 5 [ pI9P +
Q

2
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This in particular means that one can study the effect of pinning in terms of a weighted
Ginzburg-Landau energy with homogeneous potential term (1 — |u|?)?.

The previous decoupling of the energy even holds if one replaces the gradient term |Vu|
by the covariant derivative |V 4u| in (1.5), that is, if one considers the energy functional

Y N

The following is a classical result, but we provide a proof for the sake of completeness.
Lemma 2.1. For any (u, A) € H(Q,C) x H'(Q,R?), we have
2.0) Bups A) = Bu(po) + 5 [ 19 sl +pt M
Proof. Expanding the square on |V 4ul* we have

Vaul® = [V (peu)|” + pZ| AP ul® — 2p:(V (peu) , iAu).
Combining with (2.3), we find

1 1 — |ul?)?
Ec(peu) = Ex(pe) + 5 / P2V ul® + pﬁ%
Q 19

+ p2| AP ul? — 2p.((p-Vu,iAu) + (uVp. ,iAu)).
Since Vp. and A are real-valued vector fields, (uVp.,iAu) = 0. Thus, the RHS is equal to

(1 — Juf*)?

1 .
Bulp) + 5 [ (V0 + AR = 2(Vsidu)) + ot

(1= [uP)?.

1
= Ee(p: Py 1A% :
(p)+2/9p5| Aul + pZ 522

Let us now state some regularity properties of p..
Proposition 2.1. We have Vb < p. < 1 and ||Vp5||Loo(Q) < g for some C > 0.

Proof. The Euler-Lagrange equation associated with the energy functional (1.5) is (1.6).
Testing this equation against max{p.(x), 1}, we are led to

0< / Vpe|* = / p(a- — p?).
{pe>1} {pe>1}

Since p?(a. — p?) < 0 when p. > 1, we deduce that |[{p. > 1}| = 0, which means p. < 1. By
testing against min { pe(), \/E}, we obtain the other inequality.

The estimate on the gradient follows from the Gagliardo—Nirenberg type inequality for
functions u € H?(£2) such that 2% = 0 on 09 (see [DS21, Lemma 3.2))

2
(2.5) HVUHLC’C(Q) <C <HAUHL°°(Q) + ||U”Loo(9)> HU”Loo(Q) :

Indeed, since ||pc| (), [l (@) < 1. from (1.6) we obtain that [[Ape|[}wq) < &, which
leads to

||vp€||L°°(Q) < =
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Proposition 2.2. Suppose a. € H*(Q). It holds that:

(1) There exists a constant C'> 0 such that [|[Vp:| 12(q) < C'[|Vae| 2q)-
(2) For a € (0,1), let X, = {z € Q: |a.(z) — p-(x)*| > &*}. Then, for some C > 0, we
have
[ Xa| <C Hvaf-:”i?(m g1me),

Proof. On the one hand, since p. is a minimizer in H'(§, C), we have
1 2
IVl 72y < E-p-) < Eo(Va2) = 5 IVVaellizg = € IVacl72g)

On the other hand,

2 2a
(0o = p2) _ |Xele™
2e2 g2

CVal 2 Eo) > |

Hence
2 —«
| Xal < C || Vaell7sq) €.
O

Remark 2.1. Although we will not use this result in this paper, we present it to the reader
to better understand the role of p.. This result shows that, when a. is reqular enough, p. is
a very close approzimation of \/a., except for a very small set. This small set is expected to
be located near the boundary and near the discontinuity regions of a.; see [AAB05,DS21] for
some specific models.

2.3. Estimates for critical points in the Coulomb gauge. Let us present some esti-
mates for configurations (u, A) in the Coulomb-gauge, that is, when A satisfies (1.3). From
[SS07, Proposition 3.3], we have

(2.6) [All 1) < Cllewrl Al 12(q
and
(2.7) [All 20y < C'lleurl Al g »

where C' > 0 depends only on (2. These estimates play a crucial role on obtaining better
regularity results for solutions of (2.1). In particular, we have the following three results.

Proposition 2.3. Let (u, A) = (p.u, A) be a solution of (2.1), where A satisfies (1.3). Then
1

(2.8) ||A||L°°(Q) < C(Ee(pe) + Frp(u, A))2,

where C' > 0 depends only on 2.

Proof. From the second equation in (2.1) and the Cauchy—Schwarz inequality, we deduce
that

IV curl Al 2 ) = [[{iw, Vaw) || o) < a2 ) [Vaull 2 -
Since |u] <1 (recall (2.2)), it follows that

1A% CurlAHiam < ”VAU|’%2(Q) < CE(u, A).
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The decoupling (2.4) then yields
IV curl Al[q) < C (Be(pe) + Frp (u, A)) .

Moreover, since chrlAHig(Q < 2F,, (u,A), we deduce that

lewrl Al ) < C(Be(pe) + Frp. (u, A)).
Finally, by (2.7) and Sobolev embedding, we obtain (2.8). O

The hypotheses of our main result will allow us to control the RHS of (2.8) by <, for a
constant C' > 0 independent of €. This in turn allows us to obtain the following estlmate.

Proposition 2.4. Let (u A) = (peu, A) be a solution of (2.1), where A satisfies (1.3) and
| Al o) < £ = for some C > 0 not depending on e. Then

C C
(2.9) VUl oo o) < < ond IVull poe () -
where C' > 0 does not depend on €.

Proof. By expanding the first equation in (2.1), using in particular (1.3), we get
2
—Au = u(ag—Q]u]) —2iAu - Vu — |A[*u®.
€

Moreover, from the boundary conditions V u-v =0 and A-v =0 on 0f2, we get

ou
W =0 on 9.

Therefore, u satisfies (2.5). Combining this with (2.2) and our bound on ||Al|z=(q), we
deduce that

C /1
HVUHLoo(Q) <cC + [ Al oo @) VU]l ooy + A0y ) € = (= + VUl ooy ) -
e \¢

from where it follows that

HVUHLOo <

Finally, using Proposition 2.1, we get

u
Vu ] = V -
IVullmo = [ ()

The gradient bound (2.9) plays a crucial role in the next clearing out result.

o |Q

C IVl @) + Vel ioy) <

L°°(Q)

Proposition 2.5. Let (u, A) € H'(,C) x H'(Q,R?) be a configuration such that

C
IV Iulll o ) <

- and  F., (u,A) =o(1).

Then [[1 = Jul]| oo () = o(1)-
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Proof. Observe that, since p. > v/b (recall Proposition 2.1), we have
VF.(u,A) < F.,.(u, A) = o(1).

Therefore, the proposition directly follows from the classical clearing out result for the ho-
mogeneous Ginzburg—Landau energy, which goes back to the seminal work of Bethuel, Brezis
and Helein [BBH94, Theorem III.3].

O

2.4. Vorticity estimate. Recall that the vorticity is defined as
p(u, A) = curl((iu, Vau) + A).

It is well known that in the homogeneous case, under adequate bounds on the free energy
F.(u, A), pu(u, A) essentially acts as a sum of Dirac masses centered at the vortices when
tested against sufficiently regular functions vanishing on the boundary. This also happens
in the inhomogeneous case, since b*F.(u, A) < F. , (u, A). We have the following version of

[SS07, Theorem 6.1].

Proposition 2.6. Let B = {B;}; = {B(ai,r:)}: be a finite collection of disjoint closed balls
and € > 0 such that

(2.10) {erE; ||u(a:)|—1|2%}§UBi,

where Q. 1= {x € Q: dist(x,00) > e}. Then, for anyr =), r; < 1,e <1, there exists a
universal constant C' > 0 such that

(2.11) p—2m Y dp,0,,

M
< C'max{e,r} (1 + ﬁ) ,
(o' @)

where dp, = deg(u, 0B;) if B; C Q. and 0 otherwise, M = F, , (u, A), and (08’1(9))* is the
dual space of C3(Q) = Wy ™(Q).

Proof. Since b*F.(u, A) < F., (u, A), the proof is exactly the same as the proof of [SS07,
Theorem 6.1]. O

2.5. Approximation of the Meissner state. We want to estimate the minimal energy

among vortexless configurations. Heuristically, a good starting point would be to consider a

pair of the form (y/ac, A), where A minimizes GL.(\/a., - ) in a suitable space. However, a.

may not be in H'(Q). This leads to the introduction of the aforementioned function p..
Taking into account that p. is essentially a regularized version of /a., we proceed to the

task of minimizing GL.(p., - ). For convenience, we next work with he A instead of A.
Observe that from the energy decoupling (2.4), we have

1
GLApes o) = Eopo) 4 5 [ AIEJAP 4 12 curl A= 11
Q

This leads us to look for vector fields A that minimize the reduced energy functional

1
J(A) = §/ng|A|2 + | curl A — 1]2.
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Without loss of generality, we can look for minimizers in the Coulomb gauge, that is, vector-
fields that satisfy (1.3). Note that J is strictly convex. Furthermore, since we look for
minimizers in the Coulomb gauge, we have [|Al| ;o) < C'|lcurl Af[ 2(q,. It follows that J is
strictly convex and coercive in the space

{Ae H'(Q,R*) : divA=0inQ, A-v=0o0n0dQ}

and, as a result, there exists a unique minimizer A? of J in this space. This minimizer
satisfies the associated Euler-Lagrange equation

—V4teurl A2+ p2A° = 0 inQ
(2.12) { curl AY = 1 on 9Q.
This in particular means that (recall that 0 < b < p? <1 in Q)
L IAO
a0 =Yg
Pz

Also, letting h? = curl A, by taking the curl of the PDE in (2.12), we deduce that hY solves

A 0 :
(2.13) —d1v< P ) +hl = 0 inQ

Y = 1 on 0N.

€

Finally, we let & = 1 — hY to deduce that (1.8) holds true. It is worth remarking that & is
the analog of the function &, that appears in the analysis of the Ginzburg-Landau energy
functional without pinning (i.e. (1.1) when a. =1 in Q); see for instance [Ser99al.

Proposition 2.7. We have that

(2.14) 0<hr?<1 inQ,
(2.15) 0<& <1 inQ.
Proof. From (2.13), by applying the maximum principle, we deduce that h? < maxgq A% =1
and h? > —maxgq h?” = 0, where A% = max{h?,0} and A%~ = —min{h?%, 0}. The bounds
for £ follow immediately since & = 1 — hY. O

An elemental consequence of the preceding proposition is that

(2.16) ||fa||H1(Q) <,

where C' > 0 does not depend on €. To see this, we test the equation in (1.8) against & and
use (2.15) and p? < 1.

VE?
e < | | pz' el = [e <o)

Analogously,

(2.17) |12 < C.

iy

However, a rather surprising fact is that such a bound also holds for W, *(£2).
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Proposition 2.8. We have that
(2.18) V&l pooy < €
where C' > 0 does not depend on €.

Proof. In this proof, C' > 0 denotes a constant independent of ¢ that may change from line
€
to line. Recall that A? = —%. Therefore, using Proposition 2.1, we have

£

(2.19) IVE L) = 12 A2 | () < IIAZ] L (@)
On the other hand, since A? satisfies (1.3), (2.7) yields
HAO <C’||cur1A0 = C'||h

20 0 10

Combining with (2.17), we deduce that
42y < €.

11220

which, by Sobolev embedding, yields

142l poe () < €

Inserting this in (2.19) concludes the proof.

Proposition 2.9. We have that

liminf max &, > 0.
e—0 Q

Proof. Let us assume towards a contradiction that there exists a sequence {&, }nen such that

mgx{an — 0 asn — oo.

By testing (1.8) by &, and integrating by parts, we find

VE. |2
Q pen Q Q

e < [ 6 < 19 mae,

Thus, ||§5n||§{1(9) — 0 as n — oco. On the other hand, by testing (1.8) by v € Hj () and
integrating by parts, we find

[T [

Using b < p? and the Cauchy—Scharwz inequality, we find

V&, -V 1/V§ Yo
Q

Q Pgn
‘ / e
Q

Since p? < 1, we deduce that

<b

<V YVE 2@ IVl 2@ — 0 as n — oo

Similarly,

< ||§anL2(Q)||U||L2(Q) —0 asn— oo.
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Hence, passing to the limit n — oo in (2.20), we find [, v = 0 for any v € Hj(€), which is
a contradiction. O

Remark 2.2. This result immediately yields liminf, o). > 0. Moreover, since & = 0 on
0%), we have . = 0 on I). We then deduce that there exists d > 0, independently of €, such
that dist (argmaxq (¢.),0Q) > d for any € > 0.

2.6. Proof of Proposition 1.1. We now are ready to provide a proof for our energy-
splitting.

Proof. From (2.4), we have
(2.21) GL.(0,A) = E.(pu, A) + /|curlA 2
1 1 — [uf?)?
= E.(p:) + = / P2V aul? + pﬁ% + | curl A — hey|*.
2 Jq 2e

By expanding the square |V au|? and integrating by parts (recall from (1.8) that & = 0 on
00), we find
VAU + ihex—Q

@) [ Rl = [ 4
Q Q €
|’ hex
:/pg (|VAu|2 + h2, Vel —|u |2—|—2 =V 4, i) - Vlfg)
Q p: Pz

3 3

2

Ve
u

2
= / P2 |V au|? + 2, | 55‘ u|? — 2Ry curl((iu, V au))é..
Q
We now expand the square | curl A — he,|?, which yields
(2.23) / |curl A — hey|* = / |cur1A + hey curl A? — hex|2
Q Q
— / |curlA + hexhg — hex‘z
Q
- / | curl A + hey (1 — &) — hey|?
Q
= / |curl A — hey&.|?
Q

= / | curl A|? + h2_|E.]* — 2he €. curl A.
0

Inserting (2.22) and (2.23) into (2.21), we deduce that

2
220)  GLA) = Ep) + Fop (1.4) ~ s [ il 416+ ('ij' u |2+|§e|2).

€
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Let us now write GL.(p., hex A?) in terms of the energies of p. and &. We have

GLE(pm hEXAg) = E (pm hexAO / ’CUI‘I AO
(2.4)
2 B+ [ AR -
hex 2 |V€€|2 2 ex |V§€|2 2
(2‘25) = L. <p€> + 7 o Pe ol + |£e| + - |§6’

Therefore, by writing |u|? as 1 + (Jul*> — 1), we have

h2 /(Wﬁslz 2 2) /(!V&!Q 2) h? /lvfel2 5

o [ )+ 6 + & o [ I () - 1

o [ (e +ier) =2 [ (Bhvlel) + % [ Sxbgur -
L) G L (pey hee AY) — E.(p.) + Ro.

By inserting this into (2.24), we obtain (1.9). O

Remark 2.3. Since p. > Vb and ”£€HH1(Q) < C for some C > 0 independent of ¢ (recall
(2.16) ), from (2.25) we deduce that

(2.26) GL:(pe, hex AY) < E.(p.) + Ch?,.

On the other hand, by using the Cauchy-Schwarz inequality, (2.18), and p. > Vb, we deduce
that

M\H

(2.27) |Ro| < ChZ, |||ul® — 1||L2( < ChieF.,. (u, A)z.

This in particular means that Ry = o(1) under adequate upper bounds on hey and Fy ,_(u, A).

3. FIRST CRITICAL FIELD

3.1. Heuristic derivation of H( . Since the Meissner configuration is a good approxima-
tion of the global minimizer among vortexless configurations (as we shall see in the next
section), we expect the occurrence of vortices in global minimizers (u, A) essentially when
GL.(u,A) < GL.(p, hexA%). By our splitting result (1.9), we know that this is equivalent
to finding values of hey such that

6pa(u A) = he /N(%A)&—FRO < 0.
Q

Using the ball construction method given by Proposition A.3 to estimate F; , (u, A) and the
vorticity estimate (2.11) to approximate u(u, A) by a sum of Dirac masses, after neglecting
lower order terms, we find that this is possible if

|log €| B |log ¢|

Ry >
. 2maxo & 2maxq .

_ 5
=H; .
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3.2. Proof of Theorem 1.1.

Proof. Note that all the results in this theorem are gauge-invariant. Therefore, we may
assume without loss of generality that (u, A) is in the Coulomb gauge, that is, A satisfies
(1.3). Also, in this proof, C' > 0 denotes a constant independent of ¢ that might change
from line to line.

Step 1 (Proving that F. , (u, A) < Ch2, for some C' > 0 independent of €). Since (u, A) is
a global minimizer, we have GL.(u, A) < GL.(p., hexAY). By integrating by parts the third
term in the RHS of (1.9) (recall that £, = 0 on 092) and inserting the previous inequality,
we deduce that

F., (u,A) = GL.(u,A) — E.(p.) + hex/gzu(u, A)é. — Ry

S GLa(Ps, hexAg) - Ee(pa) + hex/(@“a vAu> + A) : Vlfa + |R0|
Q
By inserting (2.26) and using the Cauchy-Schwarz inequality, we obtain

(3.1) F.p(u,A) < Chix + Dex HUHLQ(Q) HVAUHL2(Q) vasHLoo(Q)
+ hex [[All 20y V&l 120y + [Rol-

N[
CL

Since (u, A) solves (2.1), we have (2.2). Combining this with [V aul|2q) < Frp. (u, A)2 a
(2.18), yields that

w\»—t

(3-2) [ull o) IV atll o) IVEEl ooy < CF . (1, A)2.

Moreover, since both A and A? are in the Coulomb gauge, we deduce that A also satisfies
(1.3). Hence, using (2.6), we get that

M\H

AN 2 () < ANl () < Cllewrl Al o) < CF . (u, A)2,
which combined with (2.16) yields
1
(3-3) [l 2 ) IVEN L2y < CF i (u, A)2
Finally, by combining (3.1) with (3.2), (3.3), and (2.27), we obtain

N[

F., (u,A)<C <h2 + hex Fy . (u, A) +h EF. . (u, A)

)

<h2 + hexFop (1 A)%).
It follows that
(3.4) F., (u,A) < ChZ..

Step 2 (Estimates for F; , (u, A) and ||u(u,A)||<Cg,1)*. Proof of item (2)). From (3.4) and
hex = O(]logel), we have

(3.5) F

€,Pe

(u, A) < C|logel?.
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We can therefore apply Proposition A.3, to obtain a finite collection of disjoint balls {B;}; =
{B(a;,r;)};i with >>;r; < r = |loge|™?, where 8 > 0 will be chosen later, containing

{lJu] = 1] > 1} such that
1 -8
(10g|0g~—€| — C)
De

FE,ps (u7 A) >m Z pz(ﬂ) ‘dBi

=7 p2(a;)lds,|(|loge| — Blog |loge| —log D — C)
(A4) Fo, (u, A
=" el loge] — Sl loge| Clog ) )
(35) ;
(3.6) > 7Y p2a)ldp,|(|loge| — Clog|logel),

where a; € B; is such that p2(a;) = ming, p2.
On the other hand, applying Proposition 2.6, we have

Pex /Q p(u, A&

(2.11)
S 27Thex Z |dz|§a(az) + Ohexr(l + Fa,ps (u7 A)) ||v€£||L°°(Q)

(2.18)&(3.5)
< 2mhee Y |dilé-(ar) + O(|loge*™)

It also follows from (2.18) that
[€-(a:) = & ()] < V&l @) lai — aif < Cri < Clloge|™.

Therefore, we have

Pex /Q pulu; A)Ee

< 27 hex Z |di|€(a;) + C| log e[ hex Z |di| + O(|log e[*7)

F.,.(u,A)

loge|*~"
loge] +O([loge|™™")

(A1)
< 2mhex Y |diléc(a;) + C|log e[ Phey

(3.5)
< 2mhey Z |di|¢(a;) + O(|loge*7).
Thus, by choosing 3 > 3, we get

(3.7) e / (s, A)E

< 27hex ¥ |dilé(a;) + o(1).
Combining (3.6) and (3.7), we deduce that

(3.8) F., (u,A)— hex/ p(u, A)E >

Q
Ty p2(a;)|d;| (|loge| — C'log |loge| — 2hexthe(a;)) + o(1).
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Therefore, since hex < H; — Ko log|logel|, we have
|loge| — Clog|loge| — 2hexthe(a;) > |loge| — Clog|loge| — 2hex mgxwg
> log | log | <2 mgxwaKg — C’) :

Remark 1.1 (or Proposition 2.9) then allows us to choose Ky > 0, independently of ¢, so
that
QméiX%Ko —C=1

Inserting this into (3.8), we find
B9 Faplnd) = ho [ ple Az 7Y pa) i log logel +of1).
Moreover, since GL.(u, A) < GL.(p., hex AY), it follows from (1.9) that
Py, (1 A4) = o [ il )+ Ro < 0.

Q
In addition,

(3.5)
(3.10) |Ro| < Ch2eF., (u,A)7 < Cellogel® = o(1).
Hence,
(3.11) oy (1, A) — he /Q u(u, A)E < of1).

By combining (3.9) and (3.11), using also p? > b, we deduce that Y, |d;| = 0 and thus d; = 0
for all 4. In turn, from (2.11) it follows that

(312) hex ||M(U, A)H(Cgl(ﬂ))* S CheXT’(l + Pje,pE (U, A)) S O| log €|3_:8 = 0(1)
Therefore, item (2) is satisfied.

Step 3 (Clearing out. Proof of items (1) and (8)). Since (u,A) is in the Coulomb gauge,
we have

N[

[Al ooy < C(EE(pe) + Fzp. (u, A))

1
(3.5) 1 3
C (—2 + |log5|2>
5

IN

AN
Sl

Then, it follows from (2.9) that

C
IVIulll g (@) < 1Vl ooy < =

On the other hand, by combining (3.11) with (3.12), we find

(3.13) Fop (1, A) < he /Q i, AV + o(1) ZIOEBID gy

Hence, Proposition 2.5 yields that item (1) holds.
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Finally, we have

GL:(u,A) =GL(p-, heXAg) +F, (u,A) — hex/ p(u, A)ée + Ry
Q

BINBLICI GL (5, heeAT) + 0(1)

This finishes the proof of item (3).

3.3. Proof of Theorem 1.2.

Proof. In this proof, we will construct a configuration of the form (u, A) = (p.u, 0+ he A?),
with a vortex of degree 1 centered at 20 € Q, where z¥ is such that

(3.14) Y (22) = max ¢,

We will prove that the energy of such a configuration is much lower than the energy of
the Meissner configuration, which in turn guaranties that global minimizers of (1.1) in this
regime have vortices.

Step 1 (Constructing the configuration). Let ® be a multiple of the fundamental solution
of the Laplace’s equation centered at x°, that is,

1

O(z) = log L

We begin by constructing a phase ¢ in 2\ {2} as follows. Let © be the phase of

0
z—x;

|z — 22|

Since

—A® = 2710,0 = curl VO in €,
we have that, in the sense of distributions,

curl(=V+d - VO) =0 in Q.
Therefore, there exists g such that Vg = —V+® — VO. We let ¢ = © + g. Observe that ¢
is well defined modulo 27 in Q \ {22} and satisfies the following relation
(3.15) Vo =-V*o.

Let 7. = |loge|™, where M > 0 will be chosen later on, and consider the ball B, =
B(x% r.) C Q. Notice that this condition holds for any e sufficiently small in view of
Remark 2.2.

We can now define u. For x € Q\ B., we let u(z) = €@ and, for x € B., we define

1 |z — :L’O|) ,
u(z) = f el ) etl@)
= gyt (=

where R, is such that . = eR. and f: R, — R is a function such that f(0) =0, f(r) — 1

as r — oo and satisfies the following asymptotic estimate

(3.16) %/OR (f’(r)2 + f(;;)2 + (1= 2<T)2)2> 2rrdr = mlog R+ O(1) as R — oo.
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The function f is the modulus of what is referred to as the degree-one radial solution [SS07,
Definition 3.6], and its existence and properties are given by [SS07, Proposition 3.11].

Step 2 (Estimating the energy inside B.). Let k. = sup,cp_|p2(x) — p2(2?)]. Using that

p2 <1, We have
1 — |ul?)?
/pg(!VUPﬂL—( 2’2”)

e

N | —

1 1 — |ul?)?
F. . B.(u,0) = 5/3 P2V ul? +Pg% <

1
< —(p2(a?) + k) /!VUJI2

O |

We now estimate the integral that appears in the RHS of the last inequality. Since |Vul|? =
IV [ul]2 + |ul2| V|2, it follows by letting r = 2= . 2222l and performing a direct calculation that

R I O s D LS RS B D LA
TR T A <€2f(R)2 v+ 5 (1 ) )d”“"'

Note that |V®(z)| = ‘I_l = —. By changing the variable of integration to r, we obtain

2|

! o, (L fulP? 1R f)?  fe2 L 1 f)?N
3,1 S =g (f(R>2+f(R)2T_2+5(l_f(R)2) >2m‘

Since R. — 0o as ¢ — 0, we have f(R.) — 1 as ¢ — 0. Therefore, it follows from (3.16) that

1

1 2 o a1 =ul?)? 2/.0
5 [ PEIVUl + pe—— 5 < (pi(x) + ke)(mlog Re + O(1))
Be

2e2
= (p2(a2) + ko) (mlogr. — wloge 4+ O(1))
= (p2(2) + k.)(n| log | — wM log | log e]).

From the hypothesis on p. we have k. < [pZ]co.aqre < |loge[™ *M. Therefore, by choosing
a sufficiently large M, we have

Jul®)?

1 1-—
a5 [ v+ st < 2 (rltogel - mrtog 1oge).
B.

2

Step 3 (Estimating the energy outside B:). Let C(Q) = diam(£2). Since |u| = 1 outside B,
we have V|u| = 0 and thus

[owal = [Vl P
Q\B. O\ Be

(3.15) / VP,
Q\B.
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Therefore, using once again that p? < 1, we have

2 2e2 2

1 / 1
= — ———dx
2 Jos. o —x2]?

1 [ q
< / —27mrdr

1 1 — |ul?)? 1
EMM&wmz—/‘;ﬂWM+éi—iLls—/ Vo
Q\B. Q\Be

=2 72
= —mlogr. + O(1)
= M log|loge| + O(1).

Te

Hence, by combining the estimates obtained in Step 2 and Step 3, we obtain the following
upper bound for the free energy

(3.18) F.p (u,0) < (p2(22)[loge| + (1 — p2(22)) M log [logel) + O(1).

Step 4 (Computation of the full Ginzburg—Landau energy of the constructed configuration).
Consider the configuration (u, A) = (p.u,0 — he AY). We split GL.(u, A) using (1.9), to
obtain

GLe(ua A) - GLe(psa hexA(€)> = Fs,pg (u; O) - hex/ M(ua 0)56 + RO
Q

(3.18)
< w2 log el + (1 — pE(al)) =M log |log

(3.19) e / 1w, 0). + Ro.
Q

Here is where the hypothesis on hey

(3.20) H + K"log|loge| < hex < |loge|™Y

plays its role. First, we have

21 L (3.18)&(3.20) .
(3.21) |Ro| < ChZeF., (u,0)2 < Celloge|zt*" = o(1).

On the other hand, since |u| =1 in Q\ B, from (2.11) it follows that (recall 7. = |loge|™)

/QN(U7 0)& > 2756@2) — Cr.te . (u,0) HV&HLOO(Q)

(3.18)
> 2m6(a?) - C|loge| | loge].

Therefore, we have
heX/ p(u, 0)E > 2mheé. (2°) — Cllog [N M+,
Q

By choosing a larger M if necessary, we get

(3.22) Pex /Q p(u, 0)E > 2mhe(2°) + o(1).
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Finally, by combining (3.19), (3.21), (3.22), and —p?(2?) < —b, we are led to
GL:(u, A) = GLc(pe, hex A7)
<7 (P2 loge| + (1 — p2(a2)) M log | log e| — 2herte(a?)) + o(1)
§e(a?)

&
maxgq p—%

< m|loge| (pi(fv?) - ) +mlog|loge| (1 —b)M — 2K . (a)) + o(1).

Since 1. = ﬁ—; achieves its maximum at x?, the term of order |loge| in the RHS of the

last inequality is equal to 0. Therefore, since liminf. ,omaxg & > 0 (see Remark 1.1 or
Proposition 2.9), we may choose Kj, independently of ¢, such that we have

(323) GLa<u7 A) - GLéf(pE? hexAg) < - IOg ‘ 10g€|.

Step 5 (Conclusion). Let (ug, Ag) = (p-ug, Ag + hex A?) be a vortexless configuration, that
is, |ug| > ¢ for some ¢ > 0 independent of ¢, such that GL.(ug, Ag) < GL.(pe, hexy A?). We
split its Ginzburg-Landau energy with (1.9) to obtain

0> GL (1o, Ao) — GLu(pe, hexA®) = F., (g, Ao) — hes / (o, Ao)e. + Ro.
Q

By integration by parts, we have (recall £, = 0 on 0f2)

/ (w0, Ao)ée = /(<W0,VA0U0> + Ag) - VL.
Q Q
Since |up| > ¢, we can write ug = |ug|e’?°. A direct calculation shows that
<iU0,VAOUQ> + Ao = (1 - |UO’2)<V§00 - Ao) + VQO().
Integration by parts then yields
/ Vo Ve = — / & curl Vg = 0.
Q Q

Hence, from the Cauchy—Schwarz inequality it follows that

/Q o, Ao)E. / (1= Juol?) (Voo — Ag)

< Chexe ||1 - |U0|2HL2(Q) Vo = Aoll 20

(3.20)
S C| log €’N€F€7p6 (UQ, Ao) = O(l)Fe,pE (Uo, Ao)

hex - hex

On the other hand,

Bol S ORLePL (a0, A} < Cellog eV L (g, Ao)?.
Therefore, we have
0> GL:(ug, Ag) — GL(p:, hex A)
> F., (ug, Ao)(1 — 0(1)) — e| log e|*N F. . (uo, Ao)?.
This implies that F ,_(uo, Ag)z < Ce|loge|?N = o(1) and therefore
GLc(ug, Ag) — GLc(pz, hex A?) = 0(1).
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This means that GL.(u,A) < GL.(ug,Ay) for every vortexless configuration (ug, Ay).
Hence, global minimizers of (1.1) in the regime (3.20) do have vortices. This concludes
the proof of the theorem.

i

Remark 3.1. Notice that the hypothesis on p. only plays a role at the end of Step 2.
Moreover, we can replace [p?lcoe) < |loge|™ by [pcoep) < |loge|™, that is, we only
need a control over the Holder seminorm around the points where the function ¢ achieves
its maximum in Q.

4. EXISTENCE AND UNIQUENESS OF A MEISSNER CONFIGURATION ABOVE THE FIRST
CRITICAL FIELD

4.1. Proof of Theorem 1.3.

Proof. In this proof, we use C' to denote a positive constant independent of € that might
change in each line.

Step 1 (Construction of the locally minimizing vortezless configuration. Proof of items (1),
(2) and (3)). Fix B € (0,2 — 4«) and let

U={(u,A) € H(Q,C) x H'(,R?*): divA=0inQ, A-v=00n09, F., (u,A) <’}.

First, let us prove that there exists a configuration (u., A.) that minimizes GL. over U.
Note that if (u, A) = (pe, hexA2), then (u, A) = (1,0). This means that F. , (1,0) = 0 and
A =0 (trivially) satisfies (1.3). It follows that (p., hey AY) € U and therefore, U # 0.

On the one hand, using Sobolev embedding and the Cauchy—Schwarz inequality, we find
that each (u, A) = (pou, A + he, A) € U satisfies

(2:6)
1AlF @) < Cllewrl Allfq) < CFep(u, A) < C€°,

1 s
lullzagay = 1u?[l oy < € + I = Jul’llzz@) < C(L+ ey, (u, A)2) < O(L+2),

1 8
IVull o) < ClIVaull o) + |Aull 2 q) < Fep. (1, A)2 + Al Loy ull i) < Ce2.
Hence, U is bounded.

On the other hand, by writing

(ac — |uf*)*

1
GL.(u,A) = 3 /Q(|Vu|2 + AP [u]? = 2(Vu,iAw)) + [curl A — he,|* + 9z2

we deduce that GL, is H'-weakly lower semicontinuous, since:
e The term [, |[Vul® + [curl A — hey|* is convex and H'-strongly continuous. Therefore,
it is H'-weakly lower semicontinuous.
e The term 1 [, % is L*-strongly continuous and, by the Rellich-Kondrachov the-
orem, also H!'-weakly continuous.
e By the Cauchy-Schwarz inequality, the term [, |A[*|ul? is L*-strongly continuous and,

once again, by the Rellich-Kondrachov theorem it is also H'-weakly continuous.
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e The term [,(Vu,iAu) is also H'-weakly continuous. To see this, if (u,, A,) weakly
converges to (u, A) in H'(Q,C) x H'(Q, R?), then, by the Rellich-Kondrachov theorem,
(u,, A,,) strongly converges to (u,A) in L*(Q,C) x L, R?) and therefore, A, u,
strongly converges to Au in L*(Q2). This means that [,(Vu,,iA,u,) converges to
Jo(Vu,iAu).
Since G L, is H'-weakly lower semicontinuous in a nonempty bounded set U, it follows that
there exists (u., A.) that minimizes GL. over U. Moreover, we have

(4.1) F., (u., A) < &P

We claim that (u., A.) € U, which in turn implies that (u., A.) is a critical point and thus,
a solution of (2.1). From now on we drop the & subscript.
Since (u, A) is a minimizing configuration in U,

(4.2) GL.(u,A) < GL(pe, hex A?).

By combining (1.9) with (4.2), we deduce that

(4.3) Py (0,4) < s [ il )6~ o
0

First, let us bound the vorticity term. Since F. ,_(u, A) < &°, we can apply Proposition A.3,
which provide us with a collection of balls B = {B;};, = {B(a;,r;)}, with >, 7, <r = ¢* and
where 1 € (a, 1) is a fixed number.

By combining (4.1) and (A.4), we obtain

B
Z |dB, F‘S:Ps (U, A) < €

[loge[ = " [loge]
It follows that ), |dp,| = 0, which implies dp, = 0 for all i. Hence, it follows from (2.11)
and the hypothesis he, < 7%, that

/Q plu, A)E.

<C

o(1).

Pex

< Cg_ag“Fg,pg(U, A) ||V§s||Loo(Q)

(2.18)
< C«g—oﬁ-ﬁ-HL

(4.4) 2 0 (eP).
An analogous argument shows that item (2) holds, that is,
e, Al g ) = o(L)-

Let us now provide an upper bound for |Ry|. Combining he, < e~* with (4.1), (2.18) and
(2.27) yields

1
|Ro| < ChZeF. . (u, A)2 [ VE| oo
< C€§+1—2a.

Observe that since § < 2 — 4a, we have

B s
“+l-2a>"%
5+ a>g+

N ™

=5,
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which means that
(4.5) | Ro| = o(e”).
Therefore, inserting (4.4) and (4.5) into (4.3), we deduce that

/Q i, A)E.

The claim is thus proved, that is, (u, A) € U for small enough . Moreover, since U is open,
the configuration (u, A) must be a local minimizer of GL..
Finally, by combining (4.1), (4.4) and (4.5), we conclude that item (1) holds, since (recall

(4.2))

(4.6) F., (u, A) < hey + |Ro| < o(£P).

GLo(pe, hex A%) > GL(u, A) = GL(pe, hex AY) + O(£P).

Let us now prove that (u, A) is a vortexless configuration. Since (u, A) is a local minimizer,
it solves the Ginzburg-Landau equations (2.1). Since we have (4.6), it follows from (2.8)
that | Al o) < € and therefore, from (2.9), that

C
IV Tulll ooy < NVUll ooy <

Thus, by Proposition 2.5, item (3) holds.

Step 2 (Closeness to the Meissner configuration. Proof of items (4) and (5)). We start by
estimating ||Vul| (). Note that

[1vu <2 ( 19+ |A|2|u|2) |
[9] Q

On the other hand, the Coulomb gauge estimate (2.6) yields

(4.7) [Alley < Clleurl Alla gy < O (u, A)2 2 o(e3).

This together with the uniform convergence from item (1) [|1 — |ul|[ oo () = 0(1), leads us to

(18) 190 < € (Fopnt. )+ 14 ) = 0fe?)

Let us now provide an estimate for [|uf ;2. Defining @ = ﬁ Jo, u, by the Poincaré-Wirtinger
inequality, we have
/ lu —a* < C’/ |Vul|? = o(?)
0 Q
We then deduce that

/9(1 <2 (/Q 11—l + |u—m2> — o),

Since % is constant in €, we deduce that u = e¥ + 0(5§). Combining this with (4.7) and
(4.8) yields that item (4) holds, since

(4.9)
: i _ i _ (8
eel[g,gﬂ] HU —€ HHl(Q) + [[All o) = 961[8,2#] ||U —€ HLz(Q) + [IVull o) + 1Al g ) = ole2).
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Finally, we prove item (5). The estimate on ||A — he AY|| ;10 () follows immediately, since
A — he AY = A. On the other hand, for r € [1,2), let s > 2 such that % = % + % Then,
using Hoélder’s inequality and a Sobolev embedding, we deduce that (recall u = p.u)

Hu - p&?eigHWI,r(Q) < Hp€<u - ei@)‘ Q) + HpequLr(Q) + H(u - ew)Vpsl

Lr()
< O (flu= el o + IVl o)) + flu =€)

< C llu— ey (1 1Vl o)

(4<9)C il 1 —
< Cllu—e HHl(Q)( +e7),

Ls(Q) ||vp€HL2(Q)

where in the last inequality we used the hypothesis [|Vp.|| 2y < €77, for v < 1—2a. Since,
until this point, the choice of 5 € (0,2 — 4a)) was arbitrary, we may change it if necessary,
so that g € (v,1 — 2a). Hence

inf } Ju— paeienwwm) <Ce inf |lu— ewHHl(Q)

0€[0,2m 0€[0,2m)

This concludes the proof.

4.2. Proof of Theorem 1.4. We now prove the uniqueness (up to a gauge transformation)
of a vortexless minimizing configuration.

Proof. We will adapt the proofs of [Ser99b, Section 2| and [Rom19, Theorem 1.5]. To prove
uniqueness up to a gauge transformation, we will prove that there is a unique minimizer in
the Coulomb gauge. Suppose (w;,A;) = (peu;, Aj + hex AY) are distinct local minimizers,
where A; satisfies the Coulomb gauge condition (1.3) for j = 1,2. Since A? also satisfies
(1.3), we deduce that A; does it as well.

By (2.9) and Proposition 2.5, we have that |u;| converges uniformly to 1. In particular, we
have |u;| > 3 for small enough £'. Therefore we can write u; = n;e*/, where n; = |u;|. Note
that (u;, A;) is gauge-equivalent to (1;, A}), where A} = A;=V¢;. Let AS = A;j+he A2V,
which is gauge-equivalent to (u;, A;) and therefore is a local minimizer.

Step 1 (Proving that|| A2

Loo() = o(e71)). Observe that

145

0
Loo(Q) < HAJ + heXAEHLoo(Q) + ||V¢J||LOO(Q) .
From (2.8), we have that

(4.10) | Aj + hex AL =o(c™),

HLoo(Q)

since we are assuming F.(p.) < % and F., (u;,A;) < €’. We are then left to prove

IV&jll oo 0y = 0(e7).

3

LActually, any c in the domain of convexity of (1 —22)? will do, that is |uj| > ¢ > % We choose 7 as in

[Ser99b].
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By gauge-invariance, (p.7;, A3) is also a local minimizer and thus, it satisfies (2.1). In
particular, we have

—V*curl A = (ipeny, Vas (peny)) = —(pe1y)* A in Q,
which implies that
div (p2n7A3) = div (p2n7 (A + hex A2 — V) = div (VVcwrl A7) =0 in Q.

Moreover, since p?AY = —V+£,, we have that div (p2A?) = 0 in Q. Recalling that A; satisfies
(1.3), a direct calculation then yields

2020V - A5+ 203p.Np. - A — 2 plAd; =0 in Q.
On the other hand, from the first boundary condition in (2.1), we have that
VA;? (pemj) - v =0 on 0.

Recalling the boundary condition in (1.6) and that both A and A? satisfy (1.3), we deduce
that
(Vn; —iVe,)-v =0 on 09

and, in particular, V¢, - v = 0 on OS2
Hence, ¢; solves the following elliptic PDE

—A¢p; = _Q(E.A;?+E~A;> in Q2
(4.11) 96, Ui Pe
8_] = 0 on 0f).
v

Since n; > % > 0 and p. > Vb > 0, we have, for any ¢ > 1, that

180501y < C (195 A5 gy + V02 - 4

HLtI(Q
We now estimate the terms in the RHS by interpolating between L?(Q)) and L*>°(f2). The
L*°-bounds come from our estimates for critical points of G L. in the Coulomb gauge, whereas
the L2-bounds follow from the smallness of F. , (u;, A;), since we have

(1—n°)?

5o < &P,
g

1
(4.12) F., (u;, A;) = —/QPE (V12 + 1214 = Vi ?) + | curl 4;]% + p?

2

First, for any ¢ > 2, we have

1—2 2
IVDill Loy < V031l Lty 1V 22
1
(2.9) e 1 q
< Ce™) (WFs,pg(%Aj))
(= o0

(4.12) 2 246

(4.13) < Ceilen =Ceta
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Second, for any ¢ > 2, we have

1—2
q

IVOill Loy < 1VE51l Ll HV@SJHLQ

(2.9) a2 2
< O (190 = Al ey + 143ll 20

2
2.6) 1 !
< 05%_1 —F. , (uj, A; )% + [leurl A; HL2(Q
1251l Lo ()
(4.12)
(4.14) < Ceiler =0

Hence, from (4.10), (4.13), and (4.14), we conclude that, for any ¢ € (2,2 + 3), we have
anj.A; L (Q) S an]' A+heXAO HL(I +‘|V77]'V¢]HLLZ(Q)
< Vil gy 145 +hexAOHLoo FIVill Loy VOl Lo ()

(2:8)
< o(e™)
and
I A’IILq(Q) < IVpell ooy 1Al Lagy + 1V el oo o) VD5l Lo
C
<— IIA ey +o0(e7)
(2.6

where after the first inequality we used Proposition 2.1 and Sobolev embedding.
It follows that

||A¢j”Lq(Q) =o(e™)
and, since q¢ > 2, by elliptic regularity and a Sobolev embedding, we have
||v¢j”Loo(Q) = o(e™).
This finally yields that
145

< A + hex A2 oo g + 1VS5]l o) = 0(71)-
Step 2 (Converity argument) By gauge-invariance, we have
GL:(uj, Aj) = GL:(penj, AT) = Ec(penj, AF) + / | curl AS — hey|?.

Using (2.4), we have

(1 —n7)?

(e} 1 o
GLg(psm,Aj)—Eg(ps)Jri/Qpi (IVn; [ + 3 |ASP) + ot 52

Let us define

+ | curl AS — hey|?.

Y =

GLe(pern, A7) + GLe(pea, A3) <p m+n Al + AS)
2 € 3 2 Y 2 N
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We claim that Y > 0. To prove this, let us write Y = (V] + Y3 4 Y3), where

([ () (o2
Q Q
N (/ | curl A — hex|? + | curl A3 — hex|? _/ ol <A§+Ag> e
Q 2 Q 2
4 212 2\2 4 2\ 2
Pe (1_771) +(1_772) Pe 771"_772
}/2:/252( 5 | 92 1 - 5 , and
Q Q
Y3:/p2(|A§|2|771|2+|A3|2|772|2) _/p2 A+ A
Q : 2 Q ¢

2
By convexity, we have that Y; > 0.
Let us now provide an estimate for Y5. A direct calculation yields (see [Ser99b, Section 2]
for the details)

(L= m)” + (1= m) — (1 — <771 +772) ) = i(771 - 772)2(7(771 +772)2 — 4mmny — 8).

)

n + 12 2

2

2 2 16

Therefore, we have

1
T 32¢2

Ys / pe(m —m2)*(7(m1 + m2)* — dmma — 8),
Q

which combined with g <n; <1and p?>b? yields

b 33\’ Cy
(4.15) V> oo (7 <Z + Z) - 12) = mellz20) = 25 I = 2l 720 -

where C] > 0 is a constant that depends on b only.
Let us now estimate Y3. A direct calculation shows that (see [Ser99b, Section 2] for the
details)

AP 2 + A3 ml® | e |7 | A + A3
2 2 2
]' 2 o o2 1 2 o o2
= g(m - 772) |A1 +A2| + 5771|A1 - Az’
1 [e] [e] (e} (e}
- g(m —m2) (AT — A3) (AT(2m + 4mz) + A5(6m1 + 81ma)) -

Therefore

1 [¢] o [¢] o
Vo= 5 [ 2(m — m?lAs + A5 + )45 — 457)
Q
1

~3 /Q P2 ((m — ma) (AS — AS)(AS (2 + 4mp) + AS(6m1 + 8n2))
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which combined with p.n; <1, yields

1 o] o o (¢}
(@16) Yoz g [ g2(m = m)145 + AP+ 4l = A3P)

1 [e] o [¢] o
=5 | ol = mll s = A310145 1415,

Note that Y5 > 0 if 791 = 19 or A] = A5, which in turn yields that Y > 0. Indeed, if 7, = o,
AS # A3, we have Y3 > £ [ n}|A; — A3|> > 0. Hence, Y > 1Y; > 0. On the other hand, if
A} = Aj, then n; # 19, and therefore Y > %Yg > (. For this reason, we assume from now
on that n; # ny and A} # As.
From the L*°-bound obtained in Step 1, we deduce that
| ol = mll s = A3i6145) + 14445
< I = m2ll 20y 147 = A3l 2 () (HAUIAT] Lo ) + 1451 1o @)))

(4.17) < o(e™) Im = m2ll 2 14T — A3l 120y -

On the other hand, using once again that n; > % and p? > b, from Young’s inequality, we
deduce that

1 o o Cl 2 CQ ) o
(4.18) 5/9@7?!141 - A2|2 + =2 [[m — 772HL2(Q) 2 = [ — 772HL2(Q) | AT — AQHLQ(Q) )

where Cy > 0 is a constant that depends on b only. Finally, by combining (4.15), (4.16),
(4.17), and (4.18), we are led to

Vot a2 s =l 145 ~ A5l (£ = o).
Hence, for sufficiently small e, we have Y > 0 on all cases.
Step 3 (Contradiction) Assume without loss of generality that
GLe(pemn, A7) < GLe(pena, A3).

Since Y > 0, we have

GLa(panla A({) + GLE(PH?Z? AS)

GLc(pena, A3) > 9

A+ AS
>G’L5(pam+772 1t 2).

2 2
A standard argument then shows that, for any ¢ € (0, 1), we have
GLe(perp, A3) > GL. (pa(tm + (L —=t)n2), tAT + (1 — t)A§>,

which contradicts the local minimality of (p.n2, A3). Therefore, (u;, A;) = (uz, Ay), which
concludes the proof.

g
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APPENDIX A. LOWER BOUND FOR A WEIGHTED FREE ENERGY FUNCTIONAL

Given a ball B C Q and a function 7.: B — [v/b, 1], we define

1

1_u22
.&%a%Aw:—/VﬂvWF+¢i—iil
B

522 + | curl A%
£

2
In this appendix we find a lower bound for the weighted free energy functional (1.2), based on
lower bounds for F; ,_p on suitable disjoint balls B that cover the “bad set” {|u| < %} This
corresponds to a slightly modified version of Jerrard’s ball construction method [Jer99]. More
precisely, we will closely follow the refined ball construction method provided by Sandier and
Serfaty in [SS11], in which a lower bound is provided for each individual ball. The proofs
are mostly the same, so we will go in detail only where the presence of the weight 7. makes a
difference. In addition, the numbered constants ¢;, C; will play the same role as in the proofs

in [SS11].

We start by obtaining a lower bound for an energy defined on a circle, which actually is
the cornerstone of this new version of the ball construction method. In the following, we use
the notation 72(0) := ming 7?2, for any closed subset © of €.

Lemma A.1. Let r > 0 and a € Q such that B = B(a,r) € Q. Define m = mingp |ul.

Then, for any € such that 0 < UQ(B‘E(G o) <r, we have

1 (1 —|ul?)? (1 —m)?
Al — 2V |l v 17 > 2By~——~L
( ) 2 /BB(a,T) n€| |U|| MG 2¢? B 00_7]5( ) € ’

where ¢y 18 a universal constant.

Proof. We follow the proof of [Jer99, Lemma 2.3]. Within this proof, C' denotes a positive
constant that does not depend on r and that may change from line to line.
Let x,, € 0B(a,r) such that |u(z,,)| = m and define

1
vimg [ (el
0B(a,r)

From Morrey’s inequality, we have, for any x,y € 0B(a,r), that

1 1 1
lu(@)] = [u)ll < CIVIulll2@pen [ = yl2 = Cyzlz —y[>.
)

1—
Therefore, for any z € dB(a,r) such that |z — z,,|2 < %, we have
fyﬁ

1
u(e)| < fuan)|+ Ot =l < =

£
nZ(B)’

C’min{a,@}. Moreover, since (1 — |ul?)? >

Since r > for any o > 0, the arclength of 0B(x,r) N B(x,,,0) must be greater than

—m)2 .
% whenever |u| < %™ by choosing
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0= myy We find
1 21%7 || 12 2 (1= Jul?)?
oy
2 /BB(I,T) 77€| ‘UH e 2¢?

> (B -+ (B min { 25T B }

= n2(B) (7 + % min {5, (1—7—m2)}> :

If e < %, we obtain (A.1). Otherwise, we can minimize v + KTQ with respect to 7,

where K = % Since v = K is a stationary point and v + KTQ is convex, we conclude
that 2K is the minimum, which means v > 2K. Therefore

1 2 (L — Juf*)? (1 —m)?

- \V4 2 4\~ 1) > 2 B ~

5 VI G 2 o) B
which means (A.1) holds in all cases. d

Recall the set Q. = {z € Q: dist(z,0Q) > e}. Define S = {z € Q.: |u| < 3}, and Sg
as the union of connected components S; of {|u| < 1/2} with nonzero boundary degree. In
addition, for a compact set K C Q such that 0K N Sk = 0, we let

degp(u, 0K) Zdeg u, S;).

Applying the previous lemma, we obtain the followmg result.
Lemma A.2. There exists a (finite) collection of disjoint closed balls {B;}; = {B(a;, 1)}
such that
(1) For each i, r; >
(2) SN Q. CU;B;.

(3) There exists a universal constant ¢, > 0 such that, for each i, we have

T
Fa,ns,QﬂBi(uy A) Z 6177_§(B)g

£
n2(B;)

Proof. The proof is a slight modification of the proof of [Jer99, Proposition 3.3]. Indeed, by
noting that from [Jer99, Lemma 3.2], we have

2
[ vl = 25 [ (vu 2 2 deg(w. 05,
Si Si

the proof is exactly as the proof of [Jer99, Lemma 3.3|, using of course (A.1) instead of the
lower bound in [Jer99, Lemma 2.3] and the fact that n2(©;) > nZ(©,) for any closed sets
such that ©; C ©,. The constant ¢; is the same as the constant ¢y in Jerrard’s proof. O

From now on, we closely follow [SS11, Section 5].

Proposition A.1. For a small enough ¢ € (0,¢1), let

Cy T 1
A - -
5<CU> min (5 x1+ n Cox>
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Then, for any closed ball B = B(a,r) such that B C ., 90BN Sk =0, and anB) <r< %,
where d = degg(u,0B) # 0, we have N
1 (1—1|u®)? 1 r

A2 - 2 2t M —/ TAPR > ?2(B)A. [ = ) .

a2 g [ et g [ Jewtap = 2o (1

Moreover, A.(s) := fos Ae s increasing, the function s — AET(S) 1s decreasing and it salisfies
lim 2=(%) <2 Ad(e) >
s—0 s e e €

1

for some sufficiently small constant c3. Finally, for any s € (8, 5) and some Cy > 0 we have

A(s) > Wlogz — Cp.

Proof. The proof is almost exactly as the proof of [SS11, Proposition 5.1]. In fact, the
functions A, A. are the same as in this proof, and since 7. < 1, we have |curl A|*> >
n%(B)|curl A|*>. Hence, we only need to carry around the weight n?(B) and mimic the
proof of [SS11, Proposition 5.1]. o O

With these estimates at hand, the ball construction procedure of growing and merging
balls yields the following result.

Proposition A.2. For any s € (0, %), there exists a collection of disjoint closed balls B(s),

depending only on u, such that

(1) B(s) C B(t) for s <t and the total radius of the collection is continuous with respect to
S.

(2) Sg C B(s), for any s.

(3) For any B = B(a,r) € B(s),

A(s)

p_

(4) For any B = B(a,r) € B(s) such that B C Q., we have r > s|dg|, where dp =

degg(u, 0B).

Fep.p(u, A) > nZ(B)r

Proof. The proof follows the process of growing and merging balls described in [Jer99, Propo-
sition 4.1] and [SS11, Proposition 5.2]. Let B = {B;}; = {B(a;,r;)} be the collection given
by Lemma A.2. We start by choosing sq < % small enough so that the balls in B satisfy
items 3 and 4 (item 2 is obviously also satisfied). In particular, for each B = B(a,r) € B we
have

Fepe5(u, A) > c1Z(B)

We construct the collection B(s) as follows. For s < so, we let B(s) = B. Then, as s
increases, we let the radius of each ball grow so that r; = s|dp,|. Observe that the bound of
item 3 is preserved during the growth process, which follows from (A.2) and the fact that
n2(Bi(s)) > n?(B;(t)) for s < t (since B;(s) C B;(t)). If at a moment two balls By = B(ay,r)
and B, = B(ay, r3) intersect each other, we merge these balls into a larger ball that contains
them with a radius equal to the sum of the radii of the merged balls. This ball can be

explicitly written as B = B <M7 ry+ 7’2>. The bound of item 3 still holds after the

r1+r2

e S0
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merging process, since |dp| < |dp,| + |dp,| and n2(B) < n2(B1) + n2(Bz). This process of
growing and merging continues as long as (A.2) can be satisfied, that is, until s = % U

Finally, we state our main energy estimate, which generalizes [SS11, Proposition 2.1] to
the case of a weighted Ginzburg-Landau type energy.

Proposition A.3. There ezist €9, C > 0 such that for any ¢ < gy and (u, A) such that
F.,.(u,A) < P,

where B € (0,1), the following holds. For every r € (Cel=?, %) there exists a collection of

disjoint closed balls B = {B;}; = {B(a;,1;)} such that

(1) {x € Qc: |Ju| — 1| > %} C U;B;.

(2) >, <.

(3) For any2b < C < (g)E it holds that either

F577757Qﬂl3(u, A) Z 610g C’
g

or, for each B € B such that B C €.,
Fep..5(u, A) > 2 (B)|dp| (log% _ C) ’
o €

where n?(B) = ming 12 and dp = deg(u, 0B).

Proof. The proof is exactly as the proof of [SS11, Proposition 2.1]. We only need to carry
around the weight 77_52 (B) throughout the argument. O

Remark A.1. Let us remark that [SS11, Proposition 2.1] states that the ball collection covers
the set {z € Q.: |u(z)| < 3}, contrary to what we have written here. However, a careful
inspection of the proof reveals that the ball collection is obtained by merging with a cover of
the set {x € Q.: |1 — |u|| > 1} given by [SS07, Proposition 4.8]. This proposition also holds
in the inhomogeneous case, since b < n? < 1, which in turn gives F.,_ q(u, A) < F.(u, A) <
b71F877757Q (u, A) .

Remark A.2. In the situation where dp # 0 for some B C ), a natural choice for C s
7D, where D 1= g g n2(B)|dp|. With this choice, in all cases we have

(A.3) F..ans(u, A) > 7D (log LD - c) .
g

Notice that this choice is possible since in this case C > wb > 2b. Moreover, if dg = 0
for every B C Q., then (A.3) still holds, since the RHS vanishes. Moreover, under the
assumptions of Proposition A.3, we deduce from (A.3) and r > Ce'~P, that

F., (u, A)
A4 dp,| < 0=~
s e

where C' > 0 s a constant that does not depend on ¢.

Remark A.3. In [SS11, Proposition 2.1], C' must be larger than or equal to 2. However, a
careful inspection reveals that one can replace 2 by any universal constant in (0,7) and the
argument of proof holds exactly the same. Notice that when n. =1, 71D > 7, and therefore
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we need to be able to choose C > 7 in order to obtain (A.3). Of course, the condition C' > 2
makes this choice possible, but the same holds for any constant in (0,7).
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